Abstract: Lactic fermentation and respiration are important metabolic pathways on which life is based. Here, the rate of entropy in a cell associated to fermentation and respiration processes in glucose catabolism of living systems is calculated. This is done for both internal and external heat and matter transport according to a thermodynamic approach based on Prigogine's formalism. It is shown that the rate of entropy associated to irreversible reactions in fermentation processes is higher than the corresponding one in respiration processes. Instead, this behaviour is reversed for diffusion of chemical species and for heat exchanges. The ratio between the rates of entropy associated to the two metabolic pathways has a space and time dependence for diffusion of chemical species and is invariant for heat and irreversible reactions. In both fermentation and respiration processes studied separately, the total entropy rate tends towards a minimum value fulfilling Prigogine's minimum dissipation principle and is in accordance with the second principle of thermodynamics. The applications of these results could be important for cancer detection and therapy.
Introduction
There are two main classes of chemical reactions: reversible and irreversible. The former are characterized by the presence of a stationary state of equilibrium where only a small amount of products are again transformed into reagents under the control of the mass action law. The latter are identified at equilibrium by the presence of products of reactions and by an almost total lack of reagents [1, 2] .
During the development of living systems, irreversibility has played a crucial role and, as a result, irreversible reactions in the ancestral ocean led to the formation of the first elements for the synthesis of biomass. Quite conceivably, also the cellular metabolic network has originated from irreversible reactions [3] [4] [5] .
Recently, the spontaneous formation of intermediate metabolites like, for example, glucose-1-phosphate, pyruvate ion and ribose-1-phosphate via metal-mediated catalysis, has been demonstrated [6, 7] . It is well-known that the chemical stability of products of irreversible reactions temporally stabilizes them and establishes a precise time arrow making possible the development of living systems. However, irreversible reactions not only are important in bioenergetics homeostasis but play a crucial role in living systems maintenance. Warburg [8, 9] observed that cancer cells employed prevalently lactic acid fermentation (Warburg effect) and several studies in vivo and in vitro have confirmed this specific metabolic pattern in cancer cells [10] [11] [12] .
In addition, in the last years various studies have shown that metabolic patterns have a strong effect on genetic and epigenetic patterns and on chromatin structure [13] [14] [15] . As a result, there is a strict relationship between thermodynamic irreversibility and information expressed as the dialectic between Clausius entropy, Boltzmann entropy and informational Shannon entropy [16] [17] [18] [19] .
A further aspect that, in recent years, has revolutionized oncological research has been the discovery of the heterogeneity of neoplastic parenchyma strongly supported by its population of cancer stem cells (CSC). Indeed, according to various studies neoplastic tissue is, like other tissues, supported by CSC and has transit-amplifying cells and differentiated cells. Although there has been a confirmation by several models of this behaviour [20, 21] , it is not yet clear whether the CSC originate from adult stem cells (ASC) or from a process similar to the induction of pluripotency stem cells (iPSC), namely from the reprogramming of somatic cells. However, there are experimental evidences [22, 23] suggesting that the CSC could originate from ASC and from phenomena correlated to their asymmetric division [22] [23] [24] . An essential aspect is that totipotent embryonic cells and ASC use prevalently lactic acid fermentation and have a lower rate of oxidative phosphorylation (OXPHOs) together with a smaller mitocondrial network. On the other hand, during the iPSC there is a rewiring of metabolic patterns consisting of a metabolic switching from OXPHOs to lactic acid fermentation. Several experiments have shown that the rewiring of metabolic network during differentiation/dedifferentiation is an essential step of the whole process [25] [26] [27] [28] [29] [30] [31] . In summary, the differentiation or dedifferentiation processes are not only genetic and epigenetic phenomena but also metabolic. Within this framework, in recent works the neoplastic process has been regarded as a cellular plasticity process driven by the cooperative interaction among the genetic, epigenetic and metabolic networks.
Nevertheless, even though the study of the metabolic network and of the dynamical aspects of the mitochondria network has received a great attention, there are only few thermodynamic descriptions of metabolism [25] [26] [27] [28] [29] [30] [31] [32] [33] . For this reason, in [34] we have developed a thermodynamic model to calculate the rate of entropy density production for irreversible reactions in living systems.
Here, we discuss some interesting applications of the model to lactic fermentation and respiration processes occurring during glucose catabolism in living systems. For our purposes, in the calculations we have not considered recurrent metabolites, like NAD+/NADH and ATP/ADP/AMP, because the oxide/reduction reactions of NAD+/NADH are reversible and the reactions leading to ATP synthesis are not spontaneous and irreversible processes.
The key results of this work are: (1) the rate of entropy associated to irreversible reactions and to exchanges of chemical species with the intercellular environment is higher during lactic fermentation; (2) the rate of entropy due to diffusion of chemical species inside and outside cells and to heat flow with intercellular environment is higher during respiration process and (3) the ratio between the rates of entropy associated to the two metabolic pathways has a space and time dependence only for diffusion of chemical species. Finally, the total rate of entropy production in both fermentation and respiration metabolic pathways is consistent with Prigogine's minimum dissipation principle tending to vanish with increasing time when approaching the global equilibrium.
Methods
In this section, we recall the basic thermodynamic and statistical principles of the theoretical model developed in [34] and we apply them to glucose catabolism. This model bases on consolidated experimental measurements carried on with different techniques on human cells.
Basic Principles of the Model
We restrict ourselves to the study of the thermodynamics in the single cell representing an open thermodynamic system, namely a system that exchanges energy and matter with the environment represented by the intercellular space. Since we are dealing with phenomena taking place locally and under conditions of local equilibrium inside and outside a typical cell, all intensive and extensive thermodynamic variables have a space and time dependence [35] .
On this basis, it is useful to define the rate of entropy density production, r = r i + r e , where r i is the rate of internal entropy density production (RIEDP) and r e the rate of external entropy density production (REEDP). For a system in local equilibrium but not in global equilibrium, it is convenient to define an entropy density s = S/V cell with s = s i + s e where s i is the internal entropy density (subscript "i" indicates internal), s e the external entropy density (subscript "e" indicates external) and V cell the volume of the cell. The entropy density infinitesimal variation ds = ds i + ds e includes the contribution ds i related to internal irreversible processes and ds e associated to the external exchanges of heat and matter with the intercellular environment. To fully describe the temporal evolution, it is useful to define the rate of entropy density production in a time interval dt (t is the time) in the form r = ds i /dt + ds e /dt where r i = ds i /dt and r e = ds e /dt. This quantity gives a direct measure of irreversible processes.
Rate of Internal Entropy Density Production for Glucose Catabolism
The RIEDP gives the amount of local increase of entropy inside a cell. The calculation was made under some reasonable assumptions based on direct observations for both normal and cancer cells, namely [34] :
(1) Cells are of cubic shape having volume V cell = L 3 with L the side of the average cube; (2) Heat and mass flows are along the x direction chosen as the preferential direction; (3) Irreversible processes start in the centre of the cytoplasm region; (4) Mass and heat flow are separate with no cross-effects between each other; (5) The volume of cell nucleus is small with respect to the cell volume and neglected.
For a description of the reasons at the basis of assumptions (1)- (5) see [36] [37] [38] . The RIEDP takes the form:
Here, the first term on the second member is associated with the internal flow expressed as J u = J Q + ∑ N k=1 u k J Dk with N the number of chemical species, getting contributions from irreversible heat flow J Q and diffusion flow J Dk of the k-th chemical species with u k the partial molar energy and driven by the heat thermodynamic force F u (x, t) = ∇(T(x, t)) −1 with T(x,t) the temperature distribution. The second term is due to the diffusion flow J Dk and is driven by the matter thermodynamic force F k (x, t) = ∇ µ k (x, t)(T(x, t)) −1 with µ k the chemical potential of the k-th chemical species [35] . Finally, the last term is associated with irreversible reactions being M the number of chemical reactions with the thermodynamic force represented by the affinity A j (x, t) = − ∑ N k=1 ν jk µ k (x, t) with υ jk the stoichiometric coefficients, and the corresponding flow by the velocity of the j-th reaction υ j = 1/V cell dξ j /dt with dξ j the variation of the jth degree of advancement [35] .
The RIEDP can be written as, r i (x,t) = r i Q (x,t) + r i D (x,t) + r i r (x,t), with r i Q (x,t) the contribution due to heat flow, r i D (x,t) the one associated to molecules diffusion and r i r (x,t) the one related to irreversible chemical reactions. Both r i D (x,t) and r i r (x,t) express the contribution due to mass transport. For every term, we take into account w resp (w ferm ), namely the weight expressing the frequency of occurrence of respiration (fermentation) process during glucose catabolism. In explicit form, the contribution due to heat flow reads:
Here, K is the thermal conductivity, κ is the thermal diffusivity, and τ is a characteristic decaying time. The coefficient p = 0.85 (0.90) expresses the frequency of occurrence of glucose catabolism in a normal (cancer) cell. Instead, the contribution to RIEDP due to diffusion of chemical species characterized by a D k diffusion coefficient involved in glucose catabolism takes the form:
Here, T 0 is the maximum cell temperature, µ k = u k e −(|x−L/2|/L+t/τ) is the space and time dependent chemical potential of the k-th species, N resp (N ferm ) is the number of chemical species in the respiration (fermentation) process and N m k is the number of moles of the kth chemical species.
Finally, the contribution to RIEDP due to irreversible reactions involved in the glucose catabolism and obtained taking into account that chemical reactions occurring in the glucose catabolism are first-order is:
where k kin resp (k kin ferm ) is the kinetic constant of the respiration (fermentation) process, υ k are stoichiometric coefficients, N m C6H12O6 the number of glucose moles. For a detailed derivation of Equations (2)-(4) see [34] (note the different notation with respect to Equation (S26) of [34] where k kin appears outside round brackets labelling either respiration or fermentation kinetic constant).
Rate of External Entropy Density Production
The REEDP r e = ds e /dt gives the amount of local increase of entropy outside the cell (intercellular environment) due to heat and matter exchanges. In its general form:
Here, 1/V cell dQ/dt = du/dt + 1/V cell pdV/dt according to the first principle of thermodynamics dQ = dU + pdV. dQ is the infinitesimal heat transfer, du = 1/V dU is the infinitesimal variation of the internal energy density u (dU is the infinitesimal variation of the internal energy U), p the pressure and dV the infinitesimal variation of the volume V. In addition, T ic (x,t) is the intercellular temperature distribution and d e N m k the variation of the number of moles of the k-th chemical species with N pr the number of products of the irreversible reaction ("pr" indicates products) due to exchange of matter with the intercellular environment. The first term on the second member expresses the heat flow outside the cell, while the second one results from the exchange of matter with the intercellular environment.
We now discuss the REEDP. The calculation of the heat and mass entropy external exchanges was carried out taking into account the assumptions (1), (2) and (5) listed in the previous subsection. The REEDP is expressed by two contributions, viz. r e (x,t) = r e Q (x,t) + r e exch (x,t) where r e Q (x,t) is the contribution due to heat released by the cell in the intercellular environment, while r e exch (x,t) is the one related to exchanges of matter with the extracellular environment with the subscript "exch" standing for exchanges.
The derivation of the REEDP associated to heat flow r e Q (x,t) in the intercellular environment lies on simple thermodynamic considerations exploiting the analogy of the behaviour of the cellular system with that of a gas. This analogy bases on two main features: (1) Thermodynamic properties of a cell mainly composed by water can be described as those of a fluid and (2) Irreversible chemical reactions occur in a vapor phase where vapor is a mixture between a gaseous and a liquid phase at room temperature. Owing to this thermodynamic analogy, the cell energy, neglecting rotational and vibrational degrees of freedom of water molecules, is thus equivalent to the translational kinetic energy of the monoatomic gas. Hence, in the thermodynamic limit, the cell continuous spectrum energy is derived from the partition function of a monoatomic gas that has a direct thermodynamic relation with the internal energy. It turns out that r e Q (x,t) reads:
where, k B = 1.3805 × 10 −23 J/K is the Boltzmann constant, N m pr resp (N m pr ferm ) is the number of moles of the products in respiration (fermentation) process. Instead, the REEDP due to irreversible exchange of matter with the intercellular environment is:
. (7) Here, x 0 is a characteristic length of the order of the size of a normal cell, dτ 1 (dτ 2 ) is a characteristic time such that 1/dτ 1 (1/dτ 2 ) is of the order of k kin resp (k kin ferm ), N pr resp (N pr ferm ) is the number of products of the respiration (fermentation) process. For the details of the derivation of Equations (6) and (7) see [34] . Finally, we remark that the model bases on a series of well-known assumptions confirmed by many techniques. Note that all biological models represent interpretative tools of reality and base on objective data. Also for this reason, the model presented here can be adapted case by case by setting the specific parameters according to the studied context.
Rate of Entropy Density Production for Fermentation and Respiration Processes
In this subsection, we apply the model for the calculation of the rate of entropy density to the two key pathways of glucose catabolism in living systems. The first one refers to the cell respiration process involving the catabolism of glucose (C 6 H 12 O 6 ) via the oxygen molecule (O 2 ) and consists of: (a) glycolysis; (b) Krebs cycle and (c) oxidative phosphorylation. The general balancing of all reactions is C 6 H 12 O 6 + 6O 2 → 6CO 2 + 6H 2 O leading to the formation of carbon dioxide (CO 2 ) and water (H 2 O). The second process is the lactic acid fermentation process with no Krebs cycle and oxidative phosphorylation. The corresponding reaction leads to the formation of lactic acid ions (C 3 H 5 O 3 − ) and
It is thus interesting to consider separately the two processes and to calculate for both of them the exchange of entropy basing on the expressions of the rate of entropy density applied to glucose catabolism with the only exception of the RIEDP associated to heat transfer inside cells. First, we consider the contribution to the RIEDP summarized in Equations (3) and (4). To get the rate of entropy density associated to fermentation process due to diffusion of chemical species we set w ferm = 1 and w resp = 0 in Equation (3) yielding: where the superscript "ferm" stands for fermentation. The corresponding rate for respiration process is obtained by setting in Equation (3) w ferm = 0 and w resp = 1, viz.:
where, the superscript "resp" stands for respiration. Analogously, the RIEDP due to irreversible reactions for the fermentation process is obtained setting w ferm = 1 and w resp = 0 in Equation (4):
Instead, the RIEDP due to irreversible reactions for the respiration process reads:
via w ferm = 0 and w resp = 1 in Equation (4). For both processes, the dependence on the cell parameters differentiates because of the different kinetic constants and different chemical potentials. Interestingly, also for the REEDP it is possible to express the contribution due to fermentation and respiration processes. Starting from Equation (6) giving the REEDP due to heat exchanges of the cell with the intercellular environment, the contribution due to lactic fermentation reads:
setting w ferm = 1 and w resp = 0 in Equation (6) and the one associated to respiration process is:
setting w ferm = 0 and w resp = 1 in Equation (6) . Performing the same manipulations on Equation (7) giving the REEDP due to exchanges of matter between the cell and the intercellular environment, we get:
for the lactic fermentation process and:
for the respiration process. 
Ratios between the Rates of Entropy Density for Fermentation and Respiration Metabolic Pathways
In order to understand the behaviour of the entropy production associated to fermentation and respiration metabolic pathways, it is useful to compare the corresponding rates of entropy density by calculating their ratios. This allows us to draw some important conclusions about the thermodynamics underlying the main metabolic pathways occurring in cells.
The first calculated ratio is the one referred to diffusion of chemical species inside cells:
This ratio has an explicit dependence on the spatial coordinate x and is not time-invariant. This is due to the different time-dependence of the diffusion terms for the chemical species involved in the two metabolic processes.
Instead, the ratio associated to irreversible chemical reactions occurring inside cells takes the form:
This ratio is space-and time-invariant and depends only on the partial molar energies of the chemical species (reagent and products) defined as the chemical potential at x = L/2 and at t = 0 and on the stoichiometric coefficients.
For the exchanges with the intercellular environment, we get:
The ratio depends on the number of products of lactic fermentation and of respiration and is spatially and temporally invariant. Finally:
The ratio is a function of the number of moles of the reaction products for these two processes and strictly depends on the kinetics of reactions via the kinetic constants.
Results
In this section, we outline the main results of this study obtained by means of the numerical calculations based on the previous formalism applied to glucose catabolism in breast cells. In the numerical calculations, we have employed an average size L = 10 µm for the normal cell and L = 20 µm for the cancer cell [39] , dimensions that are typical of the breast epithelium assuming a cubic shape. These choices are not restrictive, and the drawn conclusions are valid for other tissues and other cell shapes [34] . In addition, for the same tissue we have taken an average size of the intercellular space about 0.2-0.3 µm between two adjacent normal cells and about 1.5 µm between two cancer cells [40] . cells, the glucose catabolism is 80% through OXPHOs and 20% through lactic acid fermentation, while in cancer cells 90% occurs through lactic acid fermentation and 10% through OXPHOs [32] . Both respiration and lactic acid fermentation are first-order processes. 
Rate of Entropy Density Production for Normal and Cancer Cells: Numerical Calculations
In this study, we show the numerical calculations of the RIEDP and REEDP for normal and cancer breast cells. For every term, we represent the rate of entropy density in the time interval of 1000 µs, a typical time [41] for most biological processes and we compare it with a smaller window of time consisting of the first 100 µs. This comparison permits to understand better the trend of the rate of entropy density and the differences between normal cells and cancer cells. For all rates, we have chosen τ ≈ 10 −4 s as a typical cell decaying time.
In Figure 2 we display r i Q calculated according to Equation (2) taking K = 0.600 J/(m s K) and κ H20 = 0.143 × 10 −6 m 2 /s, the thermal diffusivity in water [34] . r i Q is a decreasing function of time for both normal and cancer cells with a consistent magnitude close to the cell borders and almost zero magnitude close to the cell centers and no significant differences between normal and cancer cells in the first instant of time (Figure 2b,d, respectively) . r i D was calculated according to Equation (3), while r i r was calculated according to Equation (4). We have taken N resp = 4 (N ferm = 3), the number of chemical species involved in the respiration (fermentation) process, w resp = 0.8 (w ferm = 0.2) for a normal cell and w resp = 0.1 (w ferm = 0.9) for a cancer cell [32, 33] . In addition, the partial molar energies or chemical potentials at t = 0 and x = L/2, at standard conditions, used in the numerical calculations were: µ C6H12O6 = −917.44 kJ/mole, 
In this study, we show the numerical calculations of the RIEDP and REEDP for normal and cancer breast cells. For every term, we represent the rate of entropy density in the time interval of 1000 μs, a typical time [41] for most biological processes and we compare it with a smaller window of time consisting of the first 100 μs. This comparison permits to understand better the trend of the rate of entropy density and the differences between normal cells and cancer cells. For all rates, we have chosen τ ≈ 10 −4 s as a typical cell decaying time.
In Figure 2 we display ri Q calculated according to Equation (2) taking K = 0.600 J/(m s K) and κH20 = 0.143 × 10 −6 m 2 /s, the thermal diffusivity in water [34] . ri Q is a decreasing function of time for both normal and cancer cells with a consistent magnitude close to the cell borders and almost zero magnitude close to the cell centers and no significant differences between normal and cancer cells in the first instant of time (Figure 2b,d, respectively) . ri D was calculated according to Equation (3), while ri r was calculated according to Equation (4). We have taken Nresp = 4 (Nferm = 3), the number of chemical species involved in the respiration (fermentation) process, wresp = 0.8 (wferm = 0.2) for a normal cell and wresp = 0.1 (wferm = 0.9) for a cancer cell [32, 33] . In addition, the partial molar energies or chemical potentials at t = 0 and x = L/2, at standard conditions, used in the numerical calculations were: μC6H12O6 = −917. [34] . We stress that we have used Nm C6H12O6 = 1 and not the real concentration during fermentation and respiration processes because this is a model calculation focusing on the comparison of the trend of the rates during the main metabolic pathways and not on their absolute values. It is also evident that cells predominantly fermentative compared to cells predominantly respiratory use a significant higher glucose quantity in the same unit of time. Figure 3 shows the RIEDP due to chemical species diffusion during glucose catabolism inside a cell expressed by ri D. For both normal and cancer cells ri D exhibits a significant magnitude close to Figure 3b,d) , r i D has a vanishing magnitude especially in a cancer cell and then it increases reaching a maximum to decrease with time. This initial trend is due to the combined decreasing exponential time dependence that includes diffusion coefficients and inverse power time dependence.
Interestingly, the rate of decreasing for a cancer cell is lower than the corresponding one for a normal cell highlighting the tendency for diffusion processes in cancer cells to reach the global equilibrium in a slower way. r i r displayed in Figure 4 is maximum close to the centre of the cell, slightly reduces the amplitude towards the cell border and strongly decreases with increasing time. This behaviour is typical of both normal and cancer cell. Analogously, r i r exhibits a slower rate with increasing time for a cancer cell and this trend is even more evident narrowing down to the temporal window of 100 µs (see Figure 4b,d) .
It is evident that, close to the cancer cell borders, the r i r surface ends in two wings where it has a higher magnitude with respect to the one in the centre of the cell. Therefore, we can state that the rate of entropy density due to internal cell mass transport exhibits a lower decrease with increasing time in a cancer cell.
In Figure 5 r e Q calculated according to Equation (6) is displayed. The parameters employed in the numerical calculations are: N m pr resp = 12, the number of moles of the products of respiration, N m pr ferm = 4, the number of moles of the products of the lactic acid fermentation. The spatial range corresponds to the average size of the intercellular space for breast tissue, namely 0.2 µm for the normal cell and 1.5 µm for the cancer cell [40] . At the initial instants of time, the further from the cell the more the magnitude of r e Q increases, and with increasing time it tends to vanish. This vanishing behaviour is already evident looking at Figure 5b for a normal cell and Figure 5d for a cancer cell for a time interval of 100 µs. Likewise r i Q , also r e Q decreases with time with the same rate for a normal and a cancer cell. the centre of the cell and decreases towards the borders and with increasing time. In addition, in the first instants of time (see Figure 3b,d) , ri D has a vanishing magnitude especially in a cancer cell and then it increases reaching a maximum to decrease with time. This initial trend is due to the combined decreasing exponential time dependence that includes diffusion coefficients and inverse power time dependence. Interestingly, the rate of decreasing for a cancer cell is lower than the corresponding one for a normal cell highlighting the tendency for diffusion processes in cancer cells to reach the global equilibrium in a slower way. ri r displayed in Figure 4 is maximum close to the centre of the cell, slightly reduces the amplitude towards the cell border and strongly decreases with increasing time. This behaviour is typical of both normal and cancer cell. Analogously, ri r exhibits a slower rate with increasing time for a cancer cell and this trend is even more evident narrowing down to the temporal window of 100 μs (see Figure 4b,d) . the centre of the cell and decreases towards the borders and with increasing time. In addition, in the first instants of time (see Figure 3b,d) , ri D has a vanishing magnitude especially in a cancer cell and then it increases reaching a maximum to decrease with time. This initial trend is due to the combined decreasing exponential time dependence that includes diffusion coefficients and inverse power time dependence. Interestingly, the rate of decreasing for a cancer cell is lower than the corresponding one for a normal cell highlighting the tendency for diffusion processes in cancer cells to reach the global equilibrium in a slower way. ri r displayed in Figure 4 is maximum close to the centre of the cell, slightly reduces the amplitude towards the cell border and strongly decreases with increasing time. This behaviour is typical of both normal and cancer cell. Analogously, ri r exhibits a slower rate with increasing time for a cancer cell and this trend is even more evident narrowing down to the temporal window of 100 μs (see Figure 4b,d) . normal cell and 1.5 μm for the cancer cell [40] . At the initial instants of time, the further from the cell the more the magnitude of re Q increases, and with increasing time it tends to vanish. This vanishing behaviour is already evident looking at Figure 5b for a normal cell and Figure 5d for a cancer cell for a time interval of 100 μs. Likewise ri Q, also re Q decreases with time with the same rate for a normal and a cancer cell. Figure 6 shows re exch computed by using Equation (7) taking the characteristic length x0 = 10 nm. In particular, re exch starts from a minimum value very close to t = 0 and then increases as a function of t at the first instant of times reaching a maximum for all x. Finally, it decreases tending to vanish with increasing time. This initial trend is not surprising and is due to the combined exponential time dependence and square root time dependence. Also re exch exhibits a lower decreasing rate in a cancer cell with increasing time. This behaviour is already observable comparing Figure 6a with Figure 6c and, more clearly, comparing Figure 6b with Figure 6d in the small temporal window of 100 μs. The trend of re exch in the first instant of times is different with respect to the one shown in [34] because of the different chosen origin of time in the two calculations. Figure 6 shows r e exch computed by using Equation (7) taking the characteristic length x 0 = 10 nm. In particular, r e exch starts from a minimum value very close to t = 0 and then increases as a function of t at the first instant of times reaching a maximum for all x. Finally, it decreases tending to vanish with increasing time. This initial trend is not surprising and is due to the combined exponential time dependence and square root time dependence. Also r e exch exhibits a lower decreasing rate in a cancer cell with increasing time. This behaviour is already observable comparing Figure 6a with Figure 6c and, more clearly, comparing Figure 6b with Figure 6d in the small temporal window of 100 µs. The trend of r e exch in the first instant of times is different with respect to the one shown in [34] because of the different chosen origin of time in the two calculations. 
Rate of Entropy Density Production for Lactic Fermentation and Respiration Processes: Numerical Results
In this study, we present the numerical results obtained for the rate of entropy density when considering separately the lactic fermentation from the respiration pathways. We write the total rate Figure 6 . Calculated REEDP associated to exchange of matter between the cell and the intercellular environment for two different temporal windows. (a) REEDP for a normal cell and a temporal window of 1000 µs; (b) As in (a) but for a temporal window of 100 µs; (c) REDP for a cancer cell and a temporal window of 1000 µs; (d) As in (c) but for a temporal window of 100 µs.
In this study, we present the numerical results obtained for the rate of entropy density when considering separately the lactic fermentation from the respiration pathways. We write the total rate of energy density for the two processes, viz. r resp (x,t) = r i resp (x,t) + r e resp (x,t) and r ferm (x,t) = r i ferm (x,t) + r e ferm (x,t).
For consistency with the previous results, we apply the calculation to glucose catabolism of breast cells but the conclusions drawn are valid also for other tissues. Without loss of generality, we have taken a representative cell having average size comparable to that of a normal cell. Figure 7 illustrates r i D due to internal mass transport getting contributions from diffusion of chemical species (Figure 7a,b) and r i r for irreversible chemical reactions (Figure 7c,d) for purely respiration and lactic fermentation processes, respectively. While r i D is comparable for the two metabolic pathways, there is a strong prevalence of r i r related to the fermentation process. This means that, in the minimum living system, the entropy exchanges per unit time occurring during fermentation irreversible reactions prevail over the ones taking place during respiration irreversible reactions. We will come back to this argument in the next subsection when discussing the corresponding ratios. . RIEDP associated to mass flow for respiration and lactic fermentation processes. The subscript "resp" ("ferm") stands for respiration (fermentation). (a) RIEDP calculated according to Equation (8) and associated to diffusion flow for respiration metabolic pathway; (b) As in (a) but for lactic fermentation and computed by means of Equation (9); (c) RIEDP associated to irreversible reactions for respiration metabolic pathway resulting from Equation (10) . RIEDP associated to mass flow for respiration and lactic fermentation processes. The subscript "resp" ("ferm") stands for respiration (fermentation). (a) RIEDP calculated according to Equation (8) and associated to diffusion flow for respiration metabolic pathway; (b) As in (a) but for lactic fermentation and computed by means of Equation (9); (c) RIEDP associated to irreversible reactions for respiration metabolic pathway resulting from Equation (10); (d) As in (c) but for lactic fermentation and obtained from Equation (11) .
In Figure 8 , we display, for both respiration and fermentation processes, r e Q , respectively due to heat flow from the cell towards the intercellular environment for respiration and fermentation processes and r e exch for the exchanges of matter between the cell and the intercellular space. In both cases, r e Q increases away from the border of the cell and is larger for the respiration process. The space and time dependence of r e exch as a function of x and t is rather similar for the two metabolic pathways with r e exch resp of one-order of magnitude larger than r e exch ferm . Therefore, for the REEDP the entropy exchange per unit time of respiration prevails over the one of fermentation. Likewise the RIEP, also the REEDP associated to these metabolic processes considered separately decreases with time and the total rate of entropy density production r(x,t) = r i (x,t) + r e (x,t) reaches a global minimum in accordance with Prigogine's minimum dissipation principle. (12); (b) As in (a) but for a lactic fermentation process and computed via Equation (13); (c) REEDP due to exchange of matter with the intercellular environment for a respiration process obtained from Equation (14); (d) As in (c) but for a lactic acid fermentation process and calculated by means of Equation (15).
Ratios of the Rates of Entropy Densities for Fermentation and Respiration Processes
In this study, we discuss the key results of the work focusing our attention on the qualitative and quantitative behaviour of the ratios of the rate of entropy density for the two investigated metabolic processes. This approach is a real advantage with respect to the description through the rate of entropy density because it allows to single out only the thermodynamic dependence for the different contributions not considering the geometric dependence (e.g., the volume of the cell) contained in the entropy density definition. In Figure 9 , we depict the ratios ri D ferm/ri D resp and ri r ferm/ri Figure 8 . REEDP associated to respiration and fermentation processes. (a) REEDP due to heat diffusion for a respiration process calculated according to Equation (12); (b) As in (a) but for a lactic fermentation process and computed via Equation (13); (c) REEDP due to exchange of matter with the intercellular environment for a respiration process obtained from Equation (14); (d) As in (c) but for a lactic acid fermentation process and calculated by means of Equation (15).
In this study, we discuss the key results of the work focusing our attention on the qualitative and quantitative behaviour of the ratios of the rate of entropy density for the two investigated metabolic processes. This approach is a real advantage with respect to the description through the rate of entropy density because it allows to single out only the thermodynamic dependence for the different contributions not considering the geometric dependence (e.g., the volume of the cell) contained in the entropy density definition. In Figure 9 , we depict the ratios r i D ferm /r i D resp and r i r ferm /r i r resp . Interestingly, the ratio r i D ferm /r i D resp has a space and time dependence and dramatically increases passing from the cell borders to the cell centre. This trend is due to the different time-dependence of the chemical species involved in the two metabolic processes through their diffusion coefficients and chemical potentials. r resp. Interestingly, the ratio ri D ferm/ri D resp has a space and time dependence and dramatically increases passing from the cell borders to the cell centre. This trend is due to the different time-dependence of the chemical species involved in the two metabolic processes through their diffusion coefficients and chemical potentials. However, ri D ferm/ri D resp < 1 and, on average, is about 0.5. This trend is an evidence for a little bigger entropy gain per unit time due to chemical species diffusion in reactions characterizing the respiration process. On the other hand, the ratio ri r ferm/ri r resp related to irreversible reactions is constant in space and time and graphically represented as a plane parallel to the x-t plane. From Equation (17) it turns out that ri r ferm/ri r resp ≈ 250 with kferm/kresp = 10. This behaviour is due to the much larger contribution of the chemical potentials weighted by the stoichiometric coefficients characterizing the fermentation metabolic pathway. As a result, there is a consistent internal entropy gain per unit time for irreversible reactions occurring during the faster fermentation process. This is the key result of the paper and is independent of the size and type of the cell, either normal or cancer. Figure 9 . Ratios between the rate of internal entropy associated to mass transport for lactic fermentation and the corresponding one associated to respiration. (a) ri D ferm/ri D resp expressed by Equation (16); (b) ri r ferm/ri r resp given in Equation (17) . Figure 10 displays the ratios re Q ferm/re Q resp and re exch ferm/re exch resp derived from the REEDP contributions. Both ratios do not have a space and time dependence and are represented by planes parallel to the x-t plane. In particular, re Q ferm/re Q resp < 1, while re exch ferm/re exch resp > 1 and one order of magnitude bigger than the re Q ferm/re Q resp ratio. Therefore, there is a prevalence of entropy exchanges per unit time between the cell and the intercellular space during the respiration metabolic pathway occurring via the transport of heat and a prevalence of exchanges of products of chemical reactions per unit time during the fermentation metabolic pathway. However, r i D ferm /r i D resp < 1 and, on average, is about 0.5. This trend is an evidence for a little bigger entropy gain per unit time due to chemical species diffusion in reactions characterizing the respiration process. On the other hand, the ratio r i r ferm /r i r resp related to irreversible reactions is constant in space and time and graphically represented as a plane parallel to the x-t plane. From Equation (17) it turns out that r i r ferm /r i r resp ≈ 250 with k ferm /k resp = 10. This behaviour is due to the much larger contribution of the chemical potentials weighted by the stoichiometric coefficients characterizing the fermentation metabolic pathway. As a result, there is a consistent internal entropy gain per unit time for irreversible reactions occurring during the faster fermentation process. This is the key result of the paper and is independent of the size and type of the cell, either normal or cancer. Figure 10 displays the ratios r e Q ferm /r e Q resp and r e exch ferm /r e exch resp derived from the REEDP contributions. Both ratios do not have a space and time dependence and are represented by planes parallel to the x-t plane. In particular, r e Q ferm /r e Q resp < 1, while r e exch ferm /r e exch resp > 1 and one order of magnitude bigger than the r e Q ferm /r e Q resp ratio. Therefore, there is a prevalence of entropy exchanges per unit time between the cell and the intercellular space during the respiration metabolic pathway occurring via the transport of heat and a prevalence of exchanges of products of chemical reactions per unit time during the fermentation metabolic pathway. Figure 9 . Ratios between the rate of internal entropy associated to mass transport for lactic fermentation and the corresponding one associated to respiration. (a) ri D ferm/ri D resp expressed by Equation (16) ; (b) ri r ferm/ri r resp given in Equation (17) . Figure 10 displays the ratios re Q ferm/re Q resp and re exch ferm/re exch resp derived from the REEDP contributions. Both ratios do not have a space and time dependence and are represented by planes parallel to the x-t plane. In particular, re Q ferm/re Q resp < 1, while re exch ferm/re exch resp > 1 and one order of magnitude bigger than the re Q ferm/re Q resp ratio. Therefore, there is a prevalence of entropy exchanges per unit time between the cell and the intercellular space during the respiration metabolic pathway occurring via the transport of heat and a prevalence of exchanges of products of chemical reactions per unit time during the fermentation metabolic pathway. Figure 10 . Ratios between the rate of external entropy density associated to heat flow and to matter exchange with the intercellular environment and the corresponding one associated to respiration. (a) re Q ferm/re Q resp calculated according to Equation (18); (b) re exch ferm/re exch resp obtained by means of Equation (19) .
This result is similar to the one obtained for the ratio ri r ferm/ri r resp associated to irreversible chemical reactions confirming that reactions occurring during the fermentation process are highly entropic in time. This behaviour does not contradict the fact that the total entropy variation per mole Figure 10 . Ratios between the rate of external entropy density associated to heat flow and to matter exchange with the intercellular environment and the corresponding one associated to respiration. (a) r e Q ferm /r e Q resp calculated according to Equation (18); (b) r e exch ferm /r e exch resp obtained by means of Equation (19) .
This result is similar to the one obtained for the ratio r i r ferm /r i r resp associated to irreversible chemical reactions confirming that reactions occurring during the fermentation process are highly entropic in time. This behaviour does not contradict the fact that the total entropy variation per mole associated to a fermentation process is lower than the one due to respiration process because of the reactions time that is much higher for respiration.
Discussion
Although for many years there has been a reductionist vision of biological systems, it is clear today that living systems are the result of complex network interconnections and non-linear self-organization. In recent years, it has been shown a strong link between irreversible metabolic reactions, epigenetic patterns and gene expression patterns [13] [14] [15] 34] as an evidence of a new and unified scenario. In this context, the phenomenological and thermodynamic approach could provide a solid basis for a new systemic conception. In fact, it is plausible that living systems originate from a high value of the rate of entropy dissipation to reach a stationary minimum dissipation phase [14, 15, 42] .
In this respect, the results found in our theoretical analysis of fermentation and respiration processes lead to draw important conclusions about the description of cell thermodynamics via the computation of the rate of entropy density production. The cell, either normal or cancer, during its irreversible processes always reaches a state of global equilibrium with increasing time in accordance with the minimum dissipation Prigogine's theorem and this occurs independently for the two main metabolic pathways. The definition of the ratios between the corresponding rates of entropy density has the relevant advantage to remove the cell size dependence and any geometrical dependence appearing in the definition of the rates themselves leaving only the thermodynamic dependence. Consequently, there is no difference between normal and cancer cells with different sizes and the found behaviour of the ratios can be regarded as universal.
Owing to this, the calculation of the ratios between the rates of entropy density is crucial and leads to the key result of this work: the entropy gain per unit time for irreversible reactions inside cells during fermentation is higher than the corresponding one during respiration. From this point of view, it is particularly interesting to note that cellular systems that are stable in time or, in other words, resistant to environment changes (for example, ASC, CSC and cancer cells) are characterized by a prevalence of lactic fermentation. Regarding this, because of the high lactic fermentation frequency occurring for maintaining constant the ATP pool there is a strong entropy per unit time gain associated to irreversible reactions.
Irreversible reactions are at the origin of life and we can affirm that the ones related to fermentation metabolism have been during evolution those producing the maximum entropy per unit time. We can also state the existence of a principle of maximum entropy per unit time applied to living systems supposing that there has been a deviation of metabolism towards fermentation. Finally, the space-and time-invariance of r i r ferm /r i r resp endows this ratio with universality. Another relevant result, obtained by means of numerical calculations, is the space-and time-dependence of the ratio r i D ferm /r i D resp related to the diffusion inside cells of the chemical species marking the different trend of this ratio with respect to the other calculated ratios that are spatially and time invariant. This peculiar behaviour is due to the time-dependence of the rates r i D ferm and r i D resp with the exponentials appearing in Equation (16) that are weighted by the different diffusion coefficients of the reagents and products of reactions and lead to a considerable concentration of this ratio, especially in the centre of the cell at any instant of time.
The achievement of a stationary phase of lower dissipation and thermodynamic stability could be a key interpretation to understand the robustness and redundancy of neoplastic systems associated with greater gene modification and Shannon entropy [16, 17] . As a result, there is an increase of the possible number of responses of the system to environment changes or equivalently the concept of Darwinian fitness [43, 44] .
It is interesting to note that the link among gene, epigenetic and metabolic networks and the link among their corresponding contributions to the rate of entropy density production shows a unitary paradigm according to which the thermodynamic description of a cell (either normal or cancer) is the result of a nonlinear combination of every single network. In other words, the cell, regarded as the minimum living system, is more than the sum of each of its subsystems.
Conclusions
In summary, the thermodynamic approach to describe the physics at the basis of the main metabolic pathways of glucose catabolism could play a crucial role in describing a unified vision of biological systems. More precisely, the study of the rate of entropy density represents a starting point able to reveal the phenomenological and unitary feature of life opening new perspectives in modern biology via a simple picture of irreversible processes in living systems.
The analysis of the thermodynamics at the basis of fermentation and respiration processes via the calculation of the corresponding rates of entropy density separately for the two metabolic pathways has allowed the understanding of their entropy gain per unit time. The interpretation of the thermodynamic behaviour of these two key processes typical of glucose catabolism and characterizing normal and cancer cells has been validated by means of the definition of thermodynamic ratios between the corresponding rates. We believe that our findings might be useful for future studies able to confirm our predictions even though our analysis has already partially confirmed by several studies with special regard to the rate of entropy contribution due to heat exchanges with the intercellular environment for normal and cancer cells [45] .
